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Abstract—An approach is proposed for incorporating feature
relevance in mutinomial kernel logistic regression (MKLR) for
classification. MKLR is a supervised classification method de-
signed for separating classes with non-linear boundaries. How-
ever, it assumes all features are equally important, which may
decrease classification performance when dealing with high-
dimensional or noisy data. We propose a feature weighting algo-
rithm for MKLR which automatically tunes features contribution
according to their relevance for classification and reduces data
over-fitting. The proposed algorithm produces more interpretable
models and is more generalizable than MKLR, Kernel-SVM and
LASSO methods. Application to simulated data and video action
classification has provided very promising results compared to
the aforementioned classification methods.

Keywords—Multinomial kernel logistic regression, feature rel-
evance, video action recognition.

I. INTRODUCTION

Kernel logistic regression (KLR) as support vector ma-
chines (SVM) [14] belong to the family of discriminative
methods for classification. However, contrarily to SVM, KLR
is based on probabilistic assignment of data and is more natu-
rally extendable to multi-class classification. Feature weighting
is an inherent property for linear logistic regression (LLR)
[17, 11], but it is not the case in KLR where features are
considered equally important for classification [17]. This can
be problematic for several classification-based applications
where performance is dependant on the dimensionality of data
and separability between classes of observations. Examples of
these applications include gene selection, text categorization,
speech and video action recognition, to name a few.

Several approaches have used feature selection (FS) for
improving classification performance [3]. We focus our study
on sparse models using regression. These include the least
absolute shrinkage and selection operator (LASSO) [12] and
its generalized version [8], relevance vector machines (RVM)
[13], import vector machines (IVM) [17] and many others
[4]. The LASSO, for example, is based on linear logistic
regression. It shrinks some logistic coefficients to zero, re-
sulting in models retaining the most discriminative features
for classification. In [8], an extension of LASSO has been
proposed using group penalty function for logistic regression.
The IVM [17] is another algorithm that searches a subset of
data instances yielding the best classification. The algorithm
performs better than SVM but incurs a huge computational
time since it performs the search in a greedy fashion. RVM

[13] performs similarly to IVM but for regression. Similarly to
LASSO, a Bayesian logistic regression using �1-norm penalty
has been proposed in [2]. This method avoids data over-fitting
for text classification but it is dedicated to linearly separable
classes.

FS aims at building feature subsets (i.e., sparse models)
that ensure optimal classification [3]. Feature weighting (FW)
is another paradigm for achieving the same objective. It aims at
assigning weights to features according to their performance
for classification. Indeed, FW can perform even better than
FS since FS can be seen as a special case of FW (e.g., by
considering binary weights {0, 1}). For instance, a weighted
KLR has been proposed in [9] for imbalanced and rare events
classification. The approach performs better than standard
KLR. However, it is geared more toward binary classification.
In [15], an �0-”norm”-based penalization has been used for
feature weighting in SVM. However, the approach is limited
to linear binary classification. This limitation stems from the
nature of the learning machine (e.g., (SVMs [14]), where
generalization to multi-class classification can not be easily
formulated. Besides, a subset of features may be relevant
for discriminating one class from another (e.g., for binary
classification). However, when generalizing to multi-class clas-
sification, relevant features for discriminating one class may
not be relevant for discriminating another class.

We propose an approach, coined fr-MKLR, incorporating
feature relevance (FR) in multinomial kernel logistic regres-
sion (MKLR). MKLR as for SVM belong to the family of
supervised methods for classification. However, it assumes all
features are equally important, which may decrease classifi-
cation performance when dealing with high-dimensional or
noisy data. To obtain sparse classification models in MKLR,
FR is directly encoded in the radial-basis function of kernels
using variable weights. A penalization based on the so-called
�0-”norm” is added to the likelihood function to encourage
model sparsity. Beside formulating FR for each class, obtained
sparse models can deal with arbitrary numbers of classes and
dimensions of data. Experiments including simulated datasets
and application to human action recognition in videos have
shown that fr-MKLR is computationally efficient and compares
favorably to MKLR, kernel SVM and LASSO.

The rest of this paper is organized as follows: Section II
describes MKLR. Section III describes the proposed fr-MKLR.
Section IV provides experiments validating our approach. We
end the paper with a conclusion and future work perspectives.
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II. MULTINOMIAL KERNEL LOGISTIC REGRESSION

MKLR produces non-linear classification boundaries by
transforming the input variable space into another space using
a positive-definite kernel K(., .). In the past, the relationship
between SVM and regularized function estimation in the re-
producing kernel Hilbert spaces (RKHS) has been established
[17]. By replacing the hinge loss function of SVM with the
negative log-likelihood (NLL) of the binomial distribution, the
same relation can be established with MKLR.

Let us have n instances of training data xi ∈ R
d, i ∈

{1, ..., n}, with d measured features for each instance. Suppose
the learning data are generated from m classes (m ≥ 2). We

associate an encoding vector yi = [y
(1)
i , y

(2)
i , ..., y

(m)
i ]T for

each data point xi, such that y
(j)
i = 1 if xi belongs to the

class j and y
(j)
i = 0, otherwise. Here, [·]T is the vector/matrix

transpose operator. For binary classification (m = 2), we have
yi ∈ {0, 1} and fitting a decision boundary is equivalent to
searching a function f minimizing the NLL [17]:

−
n∑
i=1

yif(xi) + ln [1 + exp(f(xi))] +
λ

2
‖ f ‖2HK

, (1)

where HK is the RKHS generated by K(., .) and λ controls
the contribution of the regularization term smoothing f . Note
that the NLL (1) is obtained by setting p(yi = 1|xi) =
exp(f(xi))/[1 + exp(f(xi))] and p(yi = 0|xi) = 1/[1 +
exp(f(xi))]. The optimal f(x) has the form [5]:

f(x) =
n∑
i=1

aiK(x,xi), (2)

where ai ∈ R, i = 1, ..., n. By putting a = [a1, ..., an]
T and

y = [y1, ..., yn]
T , and using the formulation (2), function (1)

can be re-written in a compact form as follows [17]:

−yTKa+ 1T ln
[
1 + exp(Ka)

]
+
λ

2
aTKa, (3)

where 1 = [1, 1, ..., 1]T is an n-dimensional vector of ones and
K is n× n matrix with Kr,s = K(xr,xs), r, s ∈ {1, ..., n}.

When m > 2, we define a separate function fj(x) for each
class j, where fj(x) =

∑n
i=1 aijK(x,xi). We put the coeffi-

cients of each function fj into a vector aj = [a1j , ..., anj ]
T .

Because
∑m
j=1 p

(j)
i = 1, we have p

(m)
i = 1 − ∑m−1

j=1 p
(j)
i .

Thus, by setting am = 0 as for LLR [18], only the parameters
{a1, ..., am−1} are to be learned. For each data point xi, we
associate a vector containing the class posterior probabilities

pi = [p
(1)
i , p

(2)
i , ..., p

(m)
i ]T , where p

(j)
i = p(y

(j)
i = 1|xi),

j ∈ {1, ...,m}, i ∈ {1, ..., n}, defined as:

p
(j)
i = C exp(fj(xi)), j = 1, ...,m− 1 (4)

where C = 1/[1 +
∑m−1
h=1 exp(fh(xi))] and p

(m)
i = C. By

putting A = [a1, ...,am−1], the NLL for MKLR is given by:

L(A) =

m−1∑
j=1

−y(j)TKaj + 1T ln

[
1 +

m−1∑
h=1

exp(Kah)

]

+
λ

2

m−1∑
j=1

aTj Kaj , (5)

where we define y(j) = [y
(j)
1 , y

(j)
2 , ..., y

(j)
n ]T .

III. FEATURE WEIGHTING FOR MKLR

In what follows, we base our analysis on the Gaussian
kernel defined as : K(xr,xs) = exp

(−‖(xr − xs)‖2/(2σ2)
)
,

with r, s ∈ {1, ..., n} and σ > 0 controls the width of the
kernel. Feature weighting is motivated by the fact that a good
combination of features usually leads to better classification
than using each feature individually. For this goal, we propose
to weight features in the Gaussian kernel of the MKLR. For
m = 2, using a weighting vector Ψ = [ψ1, ..., ψd]

T , we have:

K̃(xr,xs) = exp
(−‖(ΨT (xr − xs)‖2/2

)
, (6)

which allows to express the contribution of each feature using
a weighted distance. As the weight of a feature decreases,
the feature’s contribution to the distance computation, and
therefore to classification, will be decreased.

We generalize (6) to the multi-class case by associating
a feature relevance vector Ψj = [ψj1, ψj2, ..., ψjd]

T for each
class j, j ∈ {1, ...,m − 1}. Thus, for each class j we define

a separate symmetric kernel K̃j encoding the class feature
relevance, with entries given as:

K̃j(xr,xs) = exp
(−‖(ΨTj (xr − xs)‖2/2

)
. (7)

To encourage model sparsity, we add a regularization on the
weights Ψj to the NLL (5) of the MKLR using the �0-
”norm” [15]. The �0-”norm” of Ψj is defined as ‖Ψj‖0 = card
{k|ψjk �= 0, k = 1, ..., d}, which gives the number of non-zero
entries of Ψj . Note that, unlike �q-norms with q > 0, ‖ · ‖0
is not a norm because the triangle inequality does not hold.
Since the �0-”norm” is not smooth, it is usually approximated
by the function [15]:

‖Ψj‖0 ≈
d∑
k=1

[1− exp(−βψjk)] , (8)

where β is an approximation parameter that can be chosen
experimentally or be tuned in order to increase the performance
of the classifier. Our aim is decreasing weights and contribution
of noisy features to classification.

The new posterior probabilities of the classes given an
observation xi will be similar to those given in Eq. (4), but
we substitute the kernel K̃j to K for each class j. Using the
�0-”norm” penalization, the new NLL is given as follows:

L(A,Ψ) =

m−1∑
j=1

−y(j)T K̃jaj + 1T ln

[
1 +

m−1∑
h=1

exp(K̃hah)

]

+

m−1∑
j=1

[
λ

2
aT
j K̃jaj + μ

d∑
k=1

[1− exp(−βψjk)]

]
, (9)

where A = [a1, ..., am−1], Ψ = [Ψ1, ...,Ψm−1] and μ is a
regularization parameter controlling model sparsity. We use the
Newton-Raphson method for minimizing the NLL (9). First,
note that ∀j ∈ {1, ...,m− 1} and k ∈ {1, ..., d}, we have:

∂L/∂aj = −K̃jy
(j) + K̃jp

(j) + λK̃jaj , (10)

∂L/∂ψjk = cTj Qjkaj + μβexp(−βψjk), (11)

where we define cj =
( − y(j) + p(j) + λ

2aj
)
, p(j) =

[p
(j)
1 , p

(j)
2 , ..., p

(j)
n ]T and Qjk = K̃j◦Bjk, with Bjk is an n×n

matrix with entries defined by Bjk(r, s) = −ψjk(xr,k−xs,k)2
and ◦ is the Hadamard product between matrices.

1326



To calculate the Hessian of (9), we compute the matrices
Mj and Φj , j ∈ {1, ...,m − 1}, with elements defined

as: Φj(k, �) = ∂2L(·)
∂ψjk∂ψj,�

and Mj(i, k) = ∂2L(·)
∂aji∂ψjk

, k, � ∈
{1, ..., d} and i ∈ {1, ..., n}. Also, we define the matrix

K̃∗ = diag[K̃1, ..., K̃m−1], where the operator diag[·] builds a
matrix with diagonal made of the elements of the argument.
We define also the matrix:

W∗ =

⎛
⎜⎜⎜⎝

W1,1 W1,2 . . . W1,m−1

W2,1 W2,2 . . . W2,m−1

.

.

.
.
.
.

. . .
.
.
.

Wm−1,1 Wm−1,2 . . . Wm−1,m−1

⎞
⎟⎟⎟⎠ (12)

where:

Wj,� =

{
diag[p

(j)
1 (1− p

(j)
1 ), ..., p

(j)
n (1− p

(j)
n )] if j = �

diag[−p(j)1 p
(�)
1 , ...,−p(j)n p

(�)
n ] if j �= �

, (13)

We can demonstrate that the Hessian matrix of the NLL
(9) can be defined as follows:

H̃ =

(
K̃∗W∗K̃∗ + λK̃∗ M∗

M∗T Φ∗

)
, (14)

where M∗ = diag[M1, ...,Mm−1], Φ
∗ = diag[Φ1, ...,Φm−1].

The Newton-Raphson update for estimating aj and Ψj , j ∈
{1, ...,m− 1}, is done using:

(
ã(t+1)

Ψ̃(t+1)

)
=

(
ã(t)

Ψ̃(t)

)
− H̃−1g̃. (15)

where Ψ̃ = [ΨT
1 ,Ψ

T
2 , ...,Ψ

T
m−1]

T , ã = [aT1 ,a
T
2 , ..., a

T
m−1]

T

and g̃ is the gradient vector defined by concatenating the
vectors produced by Eqs. (10) and (11).

Finally, Algorithm 1 shows the steps for estimating the
parameters of our model. The algorithm ends when the esti-
mation reaches a certain precision ε or a maximum number of
iterations MAXITER.

Algorithm 1 Parameter estimation for fr-MKLR method.

Inputs: - Data set D = {(x1,y1), ..., (xn,yn)}.
Output: - Parameter vectors (aj ,Ψj), j ∈ {1, ...,m− 1}.

Ψj ← Ψ
(0)
j ; aj ← a

(0)
j ;

t← 1;
repeat
E ← 0;
for j = 1→ m− 1 do

Compute ∂L/∂aj using Eq. (10).
Compute ∂L/∂Ψj using Eq. (11).
Compute the Hessian using using Eq. (14);

Update a
(t)
j and Ψ

(t)
j using Eq. (15);

E ← (E + ‖a(t+1)
j − a

(t)
j ‖+ ‖Ψ(t+1)

j −Ψ
(t)
j ‖);

end for
t← t+ 1;

until (E < ε OR t > MAXITER)

IV. EXPERIMENTS

We have evaluated our method using simulated datasets
and on an application to video action recognition. In each
experiment, the data are divided into learning and testing parts,
with number of points in each part denoted by Nl and Nt, re-
spectively. Obtained results using fr-MKLR are compared with
MKLR, Kernel SVM, LASSO and the Naive Bayes classifier.
For quantitative evaluation, classification accuracy (CA) has
been used as an error measurement for comparing methods
performance. The CA is given by (1−Nb/Ni)× 100, where
Nb is the number of points badly classified and i ∈ {l, t}.

A. Tests on simulated data

To show the ability of fr-MKLR to select the best features
for classification, we conducted several tests using simulated
data. The training and testing data of each test have been
generated using finite Gaussian mixture models (GMMs).
Thus, each class data follow the following mixture model:

p(x|y(j) = 1) =

Lj∑
k=1

πj,kp(x|μj,k,Σj,k}), j ∈ {1, ...,m}, (16)

where Lj is the number of components of the mixture,
πj,k, μj,k and Σj,k are the a priori probability, the mean vector
and covariance matrix of the component k.

1) Case of binary classification (m = 2): We conducted
two tests with GMMs parameters given in Table I:

• Test I: shows classification performance in case of
overlapping classes. Each class is generated using
one bivariate Gaussian. We vary the amount of class
overlapping by shifting the mean of the second class
in one dimension by increments τ of a step δ = 0.25.

• Test II: shows the ability of our algorithm for gener-
alization when learning data are scarce. Each class is
generated using a mixture of bivariate Gaussians. We
vary the number of generated data per Gaussian Ng
form 10 to 100 (see Fig. 2, right).

Figs. 1, the first and second row show two examples illustrating
class boundaries obtained in Test I and Test II using MKRL
and fr-MKLR, respectively. Clearly, fr-MKLR has succeeded
in selecting the best separating feature which led to a better
generalization than MKLR. Also, fr-MKLR performs better
than LASSO and KSVM for generalization using the test data
(see Fig. 2 for the obtained CA). For Test II, the average CA
obtained for LASSO is 66.7% and 64.5% using learning and
testing data, respectively. The average CA obtained for Naive
Bayes is 97.73% and 97.25% using learning and testing data,
respectively. Since we have used the true parameters of the
GMMs for the naive Bayes classifier, it performed better than
the other methods in the two tests.

2) Case of multi-class classification (m > 2): We con-
ducted a multi-class experiment, Test III, with m = 3.
Each class has been generated using a bivariate Gaussian
with parameters given in Table I. The resulting classification
boundaries obtained using MKRL and fr-MKLR are shown
in Fig. 1 (third row). For learning data, the obtained CA
for the compared methods are: 77.46% for LASSO, 95.74%
for KSVM, 99.14% for MKLR, 98.8% for fr-MKLR and
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Fig. 1. Examples illustrating classification boundaries obtained by MKLR and fr-MKLR for Test I data (first row), Test II data (second row) and Test III data
(third row), respectively. For each method, a 2D scatter is shown using (left) learning data and (right) testing data.
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Fig. 2. Classification accuracy (CA) obtained for datasets of Test I and Test II. For each test, we show CA using (left) learning data and (right) testing data.

94.12% for Naive Bayes. For testing data, the obtained CA for
the compared methods are: 75.35% for LASSO, 91.19% for
KSVM, 94.89% for MKLR, 97.26% for fr-MKLR and 94.3%
for Naive Bayes. Clearly, fr-MKLR has succeeded in selecting
the best separating feature for each class, which led to a better
generalization than the other methods.

B. Application for video action recognition

The objective is classification of video actions performed
by a single person. We propose a descriptor based on the
shape context descriptor (SCD) [1] for representing actions
spanning multiple frames of a video sequence. We start by

extracting silhouettes of moving objects in each frame of the
video sequence. Then, we associate a SCD of 128 entries (i.e,
bins) for each silhouette contour using the silhouette center
of gravity as a reference point. Each SCD entry is associated
a value 0 or 1 meaning the presence (1) or absence (0) of
contour in the the spatial bin corresponding to the SCD entry.
The final descriptor of each action consists of the mean and
standard deviation of the SCD computed using chunks of 50
frames in the sequence.

We applied our method to recognize actions using two
standard datasets: KTH [6] and UIUC [7]. KTH contains
actions (walking, jogging, running, boxing, hand waving, and
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Test Class Lj GMMs parameters

I j = 1 1 μ1,1 = [1, 2]T , Σ1,1 = diag([0.08, 0.1]).

j = 2 1 μ2,1 = [1.75 + τδ, 2]T , Σ2,1 = diag([0.2, 0.08]).

j = 1 4 μ1,1 = [1.2, 4]T , μ1,2 = [5.2, 4]T ,

μ1,3 = [5.2, 1.5]T , μ1,4 = [0.8, 1.5]T ,
Σ1,1 = diag([0.15, 0.23]),
Σ1,2 = Σ1,3 = Σ1,4 = diag([0.28, 0.28]),

II π1,1 = π1,2 = π1,3 = π1,4 = 0.25.

j = 2 2 μ2,1 = [3, 2]T , μ2,2 = [3, 4.2]T ,
Σ2,1 = diag([0.18, 0.33]),
Σ2,2 = diag([0.11, 0.15]),
π2,1 = 0.90, π2,2 = 0.10.

III j = 1 1 μ1,1 = [1, 2]T , Σ1,1 = diag([0.5, 0.5]).

j = 2 1 μ2,1 = [1, 4]T , Σ2,1 = diag([0.5, 0.5]).

j = 3 1 μ3,1 = [4, 1]T , Σ3,1 = diag([0.5, 0.5]).

TABLE I. USED GMM PARAMETERS FOR GENERATING THE DATASETS

OF TEST I, II AND III, RESPECTIVELY.

Fig. 3. Distribution of bins for the SCD used for action representation.

hand clapping) performed several times by 25 subjects in four
different scenarios: outdoors, outdoors with scale variation,
outdoors with different clothes, and indoors. UIUC consists of
14 actions (walking, running, jumping, waving, jumping jacks,
clapping, jumping from sit up, raising one hand, stretching out,
turning, sitting to standing, crawling, pushing up, and standing
to sitting) performed by 8 actors.

We use cross validation (holdout method) for measuring the
recognition performance. In each dataset, we choose 30% of
data for training and 70% for testing. Table II gives CA results
for these two datasets for compared methods. These include
KSVM, fr-MKLR and LASSO using our action description
based on SCD and the baseline methods for each dataset,
namely [6] for KTH and [7] for UIUC. On average, our
method fr-MKLR outperforms the others for classification.
This experiment demonstrates also the performance of the
proposed method for dealing with large dimensions of data.

V. CONCLUSIONS

In this paper, we have presented an approach for intro-
ducing feature weighting in kernel logistic regression (fr-
MKLR). Our method consists of assigning weights to features

Methods Accuracy (%) Features + classifier

KTH laptev et al.[6] 91.8 Interest points+KSVM
LASSO 40 SCD
K-SVM 76.67 SCD

fr-MKLR 93.34 SCD

UIUC Liu et al.[7] 93.5 video volumes+KNN
LASSO 61 SCD
K-SVM 92.26 SCD

fr-MKLR 97.06 SCD

TABLE II. AVERAGE CLASSIFICATION ACCURACY FOR ACTION

RECOGNITION OBTAINED BY THE COMPARED METHODS.

depending on their contribution to classification, which yields
sparse models. We have applied our method to binary and
multi-class data classification using simulated data and video
action recognition. Experiments have shown that the proposed
approach outperforms state-of-the-art methods in terms of
classification accuracy.
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