
Thresholding-Based Segmentation Revisited Using Mixtures of Generalized
Gaussian Distributions

Aı̈ssa Boulmerka
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Abstract

This paper presents a new approach to image-
thresholding-based segmentation. It considerably im-
proves existing methods by efficiently modeling non-
Gaussian and multi-modal class-conditional distribu-
tions. The proposed approach seamlessly: 1) extends
the Otsu’s method to arbitrary numbers of thresholds
and 2) extends the Kittler and Illingworth minimum
error thresholding to non-Gaussian and multi-modal
class-conditional data. We use the recently-proposed
mixture of generalized Gaussian distributions (MoGG)
modeling, which enables to efficiently represent heavy-
tailed data, as well as multi-modal histograms with flat
and sharply-shaped peaks. Experiments performed on
synthetic data and real-world image segmentation show
the performance of the proposed approach with com-
parison to recent state-of-the-art techniques.

1. Introduction

Thresholding-based segmentation is a simple tech-
nique that aims to partition an image into K classes,
C1, ..., CK , which are separated by K − 1 thresholds
T1, ..., TK−1 . In the case of K = 2, the image is seg-
mented into foreground and background regions. Im-
age thresholding has been motivated by a broad range
of applications of image analysis and object recognition
[6, 8, 9]. Comparative studies about existing threshold-
ing techniques applied to image segmentation can be
found in [3, 8].

Among the most popular methods for image thresh-
olding are the Otsu’s method [7] and Kittler and Illing-
worth’s method [5]. While the former uses the inter-
class separability to calculate the optimal threshold be-
tween two classes, the latter is based on minimum
Bayes classification error, where each class is modeled

by a Gaussian distribution. Both methods, however, as-
sume a uni-modal distribution in each class and use the
sample mean and standard deviation to estimate the lo-
cation and dispersion of classes, respectively. In [4],
the authors established the relationship between the two
methods, where the class parameters can be obtained in
either methods using maximum likelihood estimation of
Gaussian mixture model with two components.

Recently, Xue et al. [9] proposed to model classes
using the Laplacian distribution. They demonstrated
that the obtained thresholds offer better separation of
classes when the distribution of the latter are skewed
or heavy-tailed, or in the case of the presence of out-
liers in the classes. The location and dispersion param-
eters of the Laplacian are the median, and the absolute
deviation from the median, which are more robust to
outliers compared to the sample mean and standard de-
viation, respectively. However, the method generalizes
poorly to multi-modal classes, which makes it not us-
able to more general segmentation applications. In fact,
in many segmentation problems (e.g., medical images,
remote sensing, etc.), one might want to separate the
image foreground from a background region, each of
which may have a multi-modal distribution.

In this paper, we propose a thresholding approach
that performs segmentation for multi-modal classes.
We generalize the aforementioned state-of-art tech-
niques, using single probability density functions
(pdf’s), to mixtures of generalized Gaussian distribu-
tions (MoGG’s). The GGD is a generalization of the
Laplacian and the normal distributions in that it has
an additional degree of freedom that controls its kurto-
sis. Therefore, many histogram mode shapes, from the
sharply peaked to the flat ones, can be represented very
accurately using this model. Furthermore, we show that
our approach finds optimal thresholds when the class-
conditional distribution is multi-modal. It also extends
easily to multi-class segmentation. Experiments on syn-



thetic data as well as real-world image segmentation
show the performance of the approach.

This paper is organized as follows: Section 2
presents state-of-the-art theory for thresholding tech-
niques. Section 3 presents our proposed approach for
thresholding. Section 4 presents some experimental re-
sults. We end a paper with a conclusion and some future
work perspectives.

2. Image thresholding and Otsu’s method

Let X = {x1, x2, ..., xN} be the gray levels of the
pixels of an image I of size N = H × W . Let t
be a threshold that partitions an image into two classes
C1(t) = {x : 0 ≤ x ≤ t} and C2(t) = {x : t + 1 ≤
x ≤ T}, where T is the maximum gray level. Finally,
we denote by h(x) the histogram frequency of the gray
level x, where

∑T
x=0 h(x) = 1.

Otsu’s method determines the optimal threshold t
using discriminant analysis, by maximizing inter-class
variation, or equivalently minimizing intra-class varia-
tion. The generalized formula of the Otsu’s method can
be defined as follows:

σ2
B(t) = argmin

t
{ω1(t)V1(t) + ω2(t)V2(t)} (1)

where, we have ω1(t) =
∑t

x=0 h(x) and ω2(t) =∑T
x=t+1 h(x) = 1− ω1(t). We also have:

V1(t) =
1

ω1(t)

t∑
x=0

h(x)∥(x−m1(t)∥β (2)

V2(t) =
1

ω2(t)

T∑
x=t+1

h(x)∥(x−m2(t)∥β (3)

where ∥ · ∥ denotes the norm symbol. When β = 2, the
model corresponds to the original Otsu’s method and
the minimum error thresholding proposed in [7] and [5],
respectively. When β = 1, the model corresponds to
the method proposed recently in [9]. In the first case
(β = 2), the estimated location parameters m1(t) and
m2(t) correspond to the sample means of the classes
C1 and C2; whereas, in the second case (β = 1), these
parameters correspond to the sample medians for the
classes.

In fact, Xue et al. [9] demonstrated the robustness
of using the median instead of the mean as a location
parameter for obtaining good thresholds when class-
conditional distributions are skewed or contaminated by
outliers. However, when one of the classes, or both of
them, contain multiple modes, the model of Eq. (1) will
not work appropriately.

3. Multi-modal class thresholding

3.1 Case of K = 2

We generalize the model of Eq. (1) to multi-modal
class-conditional distributions using two mixtures of
generalized Gaussian distributions (MoGG) [2]. We
suppose that the data are composed of two classes C1
and C2 separated by a threshold t, each of which is mod-
eled using a MoGG, as follows:

p(x|C1) =

K1∑
k=1

αkp(x|θ⃗k(t)) (4)

p(x|C2) =

K2∑
j=1

ωjp(x|φ⃗j(t)) (5)

where αk (k = 1, ...,K1) and ωj (j = 1, ...,K2) are
the mixing parameters of the two mixtures, such as∑K1

k=1 αk = 1 and
∑K2

j=1 ωj = 1. The number of com-
ponents K1 and K2 are application specific (e.g., seg-
mentation of the brain cortex in medical images, etc.).
Each component in Eqs. (4) and (5), p(x|θ⃗k(t)) and
p(x|φ⃗j(t)) is a GGD of the form:

p(x|µ, σ, β) = K(β)

σ
exp

(
−A(β) |(x− µ)/σ|β

)
(6)

where K(β) = β
√
Γ(3/β)/Γ(1/β)/(2σΓ(1/β)) and

A(β) = [Γ(3/β)/Γ(1/β)]β/2 ; Γ(.) being the gamma
function. The parameters µ and σ are the GGD loca-
tion and dispersion parameters. The parameter β con-
trols the kurtosis of the pdf and determines whether it
is peaked or flat: the larger the value of β, the flatter
the pdf; and the smaller β is, the more peaked the pdf.
This gives the pdf a flexibility to fit the shape of heavy-
tailed data [2]. Two well-known special cases of the
GGD model are a Laplacian distribution as β = 1 and
an ordinary Gaussian distribution as β = 2.

The minimization in Eq. (1) can be written in term
of log-likelihood as follows:

t = argmin
t
{ω1(t)L1(t) + ω2(t)L2(t)} (7)

where:

L1(t) = −N
t∑

x=0

h(x)log
{ K1∑

k=1

αkp(x|θ⃗k(t))
}

(8)

L2(t) = −N
T∑

x=t+1

h(x)log
{ K2∑

j=1

ωjp(x|φ⃗j(t))

}
(9)

Finally, given a threshold t, the parameters (αk, θ⃗k(t))
and (ωk, φ⃗k(t)) are calculated by the maximum likeli-
hood estimation. We use the expectation-maximization
(EM) algorithm that has been proposed in [2].



3.2 Case of K > 2

When there are more than two classes in the im-
age, one can readily generalize the two-class case mod-
eled by Eq. (7) by using multiple thresholds t =
{t1, ..., tK−1}. The minimization in Eq. (7) will be-
come as follows:

t = argmin
t

K∑
r=1

{ωr(t)Lr(t)} (10)

where, we have:

Lr(t) = −N

br∑
x=ar

h(x)log

{ Kr∑
k=1

αr,kp(x|θ⃗r,k(t))
}
(11)

where

ar =

{
0 if r = 1

tr−1 if r > 1
(12)

br =

{
T if r = K − 1
tr if r < K − 1

(13)

Finally, the estimation of the optimal t can be effi-
ciently done by calculating each threshold separately.
We assume for each threshold a left class Cleft and
a right class Cright, represented each by a mixture of
GGDs. The different steps of the method are explained
in the following algorithm:

Algorithm 1 Compute t = {t1, ..., tK−1} (Eq.10).
r ← 1; // the first threshold
while r ≤ K − 1 do

Kleft ←
∑r

i=1 Ki;
Kright ←

∑K
j=r+1 Kj ;

if (r = 1) then
s1 ← 1; // minimum gray level +1

else
s1 ← tr−1;

end if
s2 ← T − 1; // maximum gray level −1
for t = s1 → s2 do

- Calculate ω1(t) and ω2(t);
- Use EM to estimate the parameters of
a mixture of Kleft GGDs (class Cleft);
- Use EM to estimate the parameters of
a mixture of Kright GGDs (class Cright);
- Calculate Jr(t) = ω1(t)L1(t)+ω2(t)L2(t);

end for
tr ← argmint Jr(t); // t = s1 → s2
r ← r + 1; // the next threshold

end while

4. Experimental results

To validate our approach, we conducted tests on syn-
thetic and real-world data sets. These are presented in
the two following sub-sections:

4.1. Simulated data sets

In this experiment, we use 5 benchmarks of ran-
domly generated data from mixtures of GGDs with the
parameters presented in the Table 1. Each benchmark
contains 100 data sets, and each data set contains 10000
data (5000 for class r = 1 and 5000 for class r = 2).

Class Kr µ σ β
r = 1 2 µmin = 40 σmin = 8 βmin = 1

µmax = 45 σmax = 10 βmax = 3
r = 2 1 µmin = 130 σmin = 8 βmin = 1

µmax = 135 σmax = 9 βmax = 3

Table 1. Data set parameters.

Figure 1 shows an example of a generated data set
and the optimal thresholds given by Otsu’s, MoG and
MoGG methods. Table 2 summarizes results obtained
by the application of the three methods. It contains for
each benchmark the average classification error of each
method and, between the brackets, the percentage of
data sets where MoGG gave the least error. For the ma-
jority of the data sets, results show that MoGG has less
error than the other methods.

Figure 1. Example of a generated data set.

4.2. Medical images

To validate our approach for a multi-threshold case,
we used the BrainWeb database that makes available a
set of brain MR image volumes. The Dice Coefficient
(DC) or Kappa Index measures the quality of the seg-
mentation [1], it may be written as

DC = 2× TP/(2× TP + FP + FN) (14)



Bench. Error Otsu Error MoG Error MoGG
1 1.16; (67%) 1.84; (88%) 0.68
2 1.15; (60%) 1.93; (87%) 0.79
3 1.14; (68%) 1.87; (91%) 0.66
4 1.23; (63%) 2.01; (86%) 0.75
5 1.03; (71%) 1.75; (87%) 0.68

Table 2. Classification error (×10−3) in the
simulated data sets. Between brackets is
the % of data sets where MoGG gives the
least error.

.

where TP, FN and FP stand for: true positive, false neg-
ative and false positive, respectively. A value DC = 0
indicates that no classified pixel matches the true seg-
mentation; a value of 1 indicates a perfect segmenta-
tion. Higher numbers indicate that the results match
the ground truth better than results that produce lower
DC. We use slices 90-119 from the subject: Modality
= T1, Slice thickness = 1mm, Noise = 3% and Intensity
non-uniformity = 20%. The ground truth segmentations
for the white matter (WM), gray matter (GM) and cere-
brospinal fluid (CSF) are also given.

Figure 2 shows an example of slice from the sub-
ject and the results obtained by the MoGG method. The
average values of DC calculated for these slices consid-
ering WM, GM and CSF regions are given in Table 3.
We can note that in term of DC, the quality of segmen-
tation given by MoGG method for the three regions is
better than the one given by Otsu’s and MoG methods.

Method CSF GM WM
Otsu 0.13 0.71 0.87
MoG 0.19 0.23 0.71
MoGG 0.46 0.82 0.92

Table 3. Average values for DC.

5. Conclusion

A new thresholding approach, based on the MoGG
model, is presented in this paper. The approach gen-
eralizes easily to multi-thresholding and multi-modal
classes. It has been successfully tested on segmenta-
tion of real images and randomly generated data sets.
Experiments have shown the performance of the pro-
posed approach and showed that it can achieve more
optimal thresholds than the original Otsu’s method and
the Gaussian mixture model (MoG method).

Figure 2. Example of a slice histogram.
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