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Abstract

In this paper, we propose a finite mixture model of gener-
alized Gaussian distributions (GDD) for robust segmenta-
tion and data modeling in the presence of noise and outliers.
The model has more flexibility to adapt the shape of data
and less sensibility for over-fitting the number of classes
than the Gaussian mixture. In a first part of the present
work, we propose a derivation of the Maximum-Likelihood
estimation of the parameters of the new mixture model and
we propose an information-theory based approach for the
selection of the number of classes. In a second part, we
propose some applications relating to image, motion and
foreground segmentation to measure the performance of the
new model in image data modeling with comparison to the
Gaussian mixture.
keywords: mixture of General Gaussians (MoGG), MML,
image, motion, foreground segmentation.

1. Introduction

Finite Gaussian mixture models are widely used in vari-
ous fields of computer vision and image processing [8, 16,
17, 22]. The adoption of this model-based approach to data
clustering and modeling brings important advantages: for
instance, the selection of the number of classes or the as-
sessment of the validity for a given model can be addressed
in a formal way [16]. However, it is well-known that the
Gaussian density has some drawbacks such as the rigidity
of its shape which prevents it from having a good approx-

imation to data with outliers [18]. For this reason, many
researchers, especially in signal processing, start to use the
generalized Gaussian density (GGD) for its flexibility to
model data with different shapes. The GGD has been used
recently in speech modeling [11], Wavelet-Based Texture
Retrieval [9] and image and video coding [13, 19]. Re-
cently, the authors in [2] used the GGD to estimate reliable
location and regression coefficients in data containing noise
or outliers. The majority of these works have focused on
the one component version of the GGD where the data are
uni-modal; i.e: modeled by using a single component. In
applications where the data have many clusters, like image
segmentation, a multi-component probabilistic model rep-
resentation such as mixture modeling is required. The focus
of the present paper is the utilization of the GGDs for a ro-
bust mixture modeling of multi-modal data in the presence
of noise and outliers where the new mixture model brings
accuracy and robustness for data modeling.

In the paper, a mixture model by using the formalism of
General Gaussian distributions is proposed and we denote it
by: MoGG (by reference to the commonly notation used in
literature for the mixture of Gaussian distributions: MoG).
Having the flexibility of fitting the shape of data better than
a mixture of Gaussian distributions (MoG), the new model
permits for having a robust mixture representation for noisy
data. By robustness, we mean the ability of the model to
represent accurately the shape of data with less sensibility
to overfitting the number of classes in the presence of noise
or outliers. In this regard, we show that the MoGG for-
malism offers a better performance than the MoG, which is
demonstrated on applications related to image, motion and
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foreground segmentation for video object tracking.
This paper is organized as follows. In section (2), we

propose the Maximum-Likelihood estimation of the param-
eters of the MoGG. In section (3), we propose the model
selection by using the MML criterion. In section (4), we
test the performance of the new model on examples of seg-
mentation. We end the paper with conclusions and some
perspectives.

2 Mixture of GGDs (MoGG)

The 1-dimensional GGD for a variable X ∈ < is defined
as follows [2]:

p(X/µ, σ, λ) = A(λ)exp

(
−B(λ)

∣∣∣∣
X − µ

σ

∣∣∣∣
λ
)

(1)

in which: A(λ) =
λ

√
Γ(3/λ)
Γ(1/λ)

2σΓ(1/λ) , B(λ) =
[

Γ(3/λ)
Γ(1/λ)

]λ
2

and

Γ(·) denotes the gamma function given by: Γ(z) =∫∞
0

pz−1e−pdp, where z and p are real variables. The pa-
rameters µ and σ are the pdf mean and standard deviation.
Finally, the parameter λ ≥ 1 controls the tails of the pdf and
determines whether the latter is peaked or flat: The larger
the value of λ is, the flatter is the pdf; the smaller is λ, the
more peaked is the pdf . This gives a flexibility to the pdf to
fit the shape of heavy-tailed data produced by the presence
of noise or outliers. Note that the Laplacian and the Gaus-
sian distributions are particular cases for the GGD where
λ = 1 and 2 respectively.

2.1 MoGG for multi-dimensional data

A multi-dimensional generalization of the function (1) is
not trivial. In the past, multivariate distributions where the
Mahalanobis distance in the exponent is powered by a real
parameter have been proposed [10, 15]. However, this as-
sumes the same shape parameter λ for all the dimensions
of the data, which is very restrictive if different dimensions
of the data have different shapes (see fig. (1)). Researches
in the past showed the performance of non-linear regres-
sion models where the input variables have different pow-
ers in achieving a good approximation to data [7]. In our
case, we seek to build a multi-dimensional GGD that has a
different shape parameter for each dimension. In practice,
however, this is intractable if the data are correlated. To
preserve the shape property, we suppose the dimensions are
independent, which is a common and reasonable choice for
high-dimensional data [14]. Having a d-dimensional vector
~X = (X1, ..., Xd), the probability of the vector ~X with a

GGD is, then, given by:

p( ~X/~µ, ~σ,~λ) =
d∏

k=1

A(λk)exp

(
−B(λk)

∣∣∣∣
Xk − µk

σk

∣∣∣∣
λk

)
(2)

in which: ~µ = (µ1, ..., µd) and ~σ = (σ1, ..., σd). The pa-
rameter λk ≥ 1 controls the tails of the pdf and determines
whether it is peaked or flat in the kth dimension (see fig.
(1)).

(a) (b) (c) (d)

Figure 1. Different representations of a 2-
dimensional GGD according to the parame-
ter ~λ. ~µ and ~σ are fixed to (23, 24) and (7, 7)
respectively. (a) ~λ = (1.1, 1.1), (b) ~λ = (2, 2),
(c) ~λ = (1.1, 2.8) and (d) ~λ = (2.8, 2.8).

2.2 Maximum Likelihood estimation of
the MoGG model

A generalized Gaussian mixture with M components is
defined as:

p( ~X/Θ) =
M∑

j=1

pjp( ~X/µj , σj , λj) (3)

with pj , j = 1, . . . ,M , are the mixing parameters where
0 < pj ≤ 1 and

∑M
j=1 pj = 1, and p( ~X/µj , σj , λj),

j = 1, . . . , M , are the conditional probabilities. The set of
parameters of the mixture with M classes is defined by Θ =⋃4

i=1 ξi, where ξ1 = {~µ1, ..., ~µM}, ξ2 = {~σ1, ..., ~σM},
ξ3 = {~λ1, ..., ~λM} and ξ4 = {p1, ..., pM} is the set of
mixing parameters. Two important problems in the case
of finite mixture models are the estimation of the vector
of parameters Θ and the determination of the number of
classes M . When the number of classes is known, statis-
tical inferential methods about the parameters can be used
mostly via the Maximum-Likelihood estimation (MLE). Let
us consider a set of data X = { ~X1, ~X2, . . . , ~XN}. The
MLE consists of getting the parameters of the mixture that
maximizes the log-likelihood function: log(p(X/Θ)) =
log(

∏N
i=1 p( ~Xi/Θ)). The problem of estimation, thus, be-

comes:
Θ̂ = argmaxΘ

(
log(p(X/Θ))

)
(4)

with the constraint:
∑M

j=1 pj = 1. For the moment, we
suppose the number of mixture M is known. In the next
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section, we will see how to estimate it automatically. The
above constraint permit to take into consideration the prop-
erty of the mixing parameters pj to sum to 1. Using the
Lagrange multipliers, we maximize the following function:

Φ(X ,Θ, Λ) = log(p(X/Θ)) + Λ(1−
M∑

j=1

pj) (5)

where Λ is the Lagrange multiplier. Then, minimizing ac-
cording to the mixture parameters Θ and the Lagrange mul-
tiplier Λ yields ∀i = 1, . . . N, ∀j = 1, . . . M, ∀k = 1, . . . d,
we have:

p̂j =
1
N

N∑

i=1

p(j/ ~Xi) (6)

µ̂jk =
∑N

i=1 p(j/ ~Xi)|Xik − µjk|λjk−2Xik∑N
i=1 p(j/ ~Xi)|Xik − µjk|λjk−2

(7)

σ̂jk =

[
λjkA(λjk)

∑N
i=1 p(j/ ~Xi)|Xik − µjk|λjk

∑N
i=1 p(j/ ~Xi)

]1/λjk

(8)

where p(j/ ~Xi) is the posterior probability of the component

j given by: p(j/ ~Xi) = pjp( ~Xi/j)∑M

l=1
plp( ~Xi/l)

. For the parameter

~λj = (λj1, ..., λjd), we use the Newton-Raphson method,

which is based on developing to power series: ∂log(p(X/Θ))
∂λjk

according to λjk and use the following updating equation:

λ̂jk ' λjk −
(

∂2log(p(X/Θ))
∂λ2

jk

)−1
∂log(p(X/Θ))

∂λjk
(9)

The calculation of the terms ∂log(p(X/Θ))
∂λjk

and
∂2log(p(X/Θ))

∂λ2
jk

can be obtained in the reference [1].

3 Model selection by using the MML

For the selection of the number of classes in mixture
models, various approaches have been suggested in the past,
such as the Akaike’s information criterion (AIC), the Mini-
mum Description Length (MDL) and the Laplace Empirical
Criterion (LEC) [16]. However, several works have shown
the performance of the Bayesian methods for the selection
of mixture models [14]. Among the most used criteria, we
find the Minimum Message Length (MML)[3, 6, 14] that
we will adopt in the present work. By using the MML, the
optimal number of classes of the mixture, M , is the one that
minimizes the following equation:

MML(M) ' −log(p(Θ))− log(p(X/Θ))

+
1
2

log|F(Θ)| − 1
2

log(12) +
Np

2
(10)

where p(Θ) is the prior probability, p(X/Θ) the data like-
lihood and |F(Θ)| is the determinant of the Fisher informa-
tion matrix of minus the log-likelihood. The symbol Np

designates the number of parameters to be estimated, which
is equal to M(3d + 1) in our case (3d parameters for each
mixture component and M mixing parameters). The esti-
mation of the number of classes is carried out by finding the
minimum with regard to Θ of the message length.

To calculate the prior distribution p(Θ), we assume the
parameters of the different classes are a priori indepen-
dent. We know that for the vector (p1, ..., pM ) we have∑M−1

j=1 pj < 1, then a natural choice as prior for this vector
is the Dirichlet distribution:

p(ξ4) =
Γ(

∑M
j=1 ηj)∏M

j=1 Γ(ηj)

M∏

j=1

p
ηj−1
j (11)

where ~η = (η1, ..., ηM ) is the parameter vector of the
Dirichlet distribution. The choice of η1 = 1, ..., ηM = 1
gives a uniform prior over the space in which p1 + . . . +
pM = 1, formulated by:

p(ξ4) = (M − 1)! (12)

Note that this unform prior is defined over the (M − 1)-
dimensional region of hyper-volume 1/(M − 1)!. It repre-
sents the inverse of the hyper-volume so that it integrates to
1. For the parameters ξ1, ξ2 and ξ3 it is reasonable to assume
that the parameters of different components in the mixture
are independent since having knowledge about a parameter
in the class i doesn’t provide any knowledge about the pa-
rameters of a class j, j 6= i. Suppose that ~σ = (σ1, . . . , σd)
and ~µ = (µ1, . . . , µd) are the standard deviation and the
mean vectors of the entire population (all the set of data X ).
For ξ1, knowing that each µjk is chosen to be uniform in
the region within one standard deviation of the population
mean; i.e. µk − σk ≤ µjk ≤ µk + σk, the prior is given by
the following equation:

p(ξ1) =
M∏

j=1

d∏

k=1

p(µjk) =
d∏

k=1

1
(2σk)M

(13)

For ξ2, knowing that 0 ≤ σjk ≤ σk, k = 1, . . . , d, then we
have:

p(ξ2) =
M∏

j=1

d∏

k=1

1
σk

=
d∏

k=1

1
σM

k

(14)

For the last parameter ξ3, for each λjk we adopt a uniform
distribution U [0, h] where h is the maximum value permit-
ted for each parameter λjk, j = 1, ..., M , k = 1, ..., d, and
we obtain:

p(ξ3) =
M∏

j=1

d∏

k=1

p(λjk) =
1

hM ·d (15)
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Finally, by using eq. (12), (14), (13) and (15) we obtain the
following prior or the MoGG parameters:

p(Θ) =
(M − 1)!
(2h)M ·d

d∏

k=1

1
σ2M

k

(16)

To calculate the determinant of the Fisher information ma-
trix |F(Θ)|, we use the following simplification:

|F(Θ)| ' |F(ξ4)|
M∏

j=1

|F(~µj)||F(~σj)||F(~λj)| (17)

where |F(ξ4)| is the determinant of the Fisher information
matrix with regard to the mixing parameters and |F(~µj)|,
|F(~σj)| and |F(~λj)| are the determinants of the Fisher in-
formation matrices with respect to the vectors ~µj , ~σj and
~λj of the component j of the mixture [1].

4 Experiments

In the following section, we show two applications of
the proposed model relating to noisy image and video fore-
ground segmentation. For each application, we developed
an algorithm for the MOGG model selection.

4.1 Image and motion segmentation

In the past, Gaussian mixture models have been used
for segmentation where the aim is to build a partition
of the image with each region represented by a mixture
component [17]. It remains, however, that with noisy data,
the image histogram may be heavy-tailed and the mixture
may lose accuracy by overt-fitting the number of regions
in the image. This is undesirable in applications such
as medical image processing, where precision is a strict
requirement. Having a robust mixture model, which is less
prone to over-fitting, is a solution that we propose in the
present work. For the MoGG model selection, we use the
following algorithm:

Algorithm1
a) For each candidate value of M do:

1) Initialization of the MoGG parameters.
2) Repeat
- E-step: Compute the posterior probabilities: p(j/ ~Xi).
- M-step: Update the parameters by using eqs. (6), (7),
(8) and (9).
Until: ‖Θn+1 −Θn‖ < ε.
3) Calculate the MML criterion using eq. (10).

b) Select M such that: M = argminMMML(M).

The convergence of the algorithm is detected in step
2 where the distance between the resultant parameters

between two successive iterations n and n + 1 is smaller
than a threshold ε, i.e: ‖Θn+1 − Θn‖ < ε, or a maximum
number of iterations is reached. We note that the initializa-
tion step is performed for the mixture parameters by using
the K-Means algorithm [4] where the shape parameters
λjk, j = 1, ..., M , k = 1, ..., d, are initialized to 2. In the
following experiments we set the value ε to 0.01.

In fig. (2), a comparison between a MoG and MoGG
histogram fitting is shown for a synthetic image composed
of 4 regions with an added noise. The noise has a normal
distribution N (0, σn) with the standard deviation σn = 3.
The original and noisy images are shown on the top row
of the figure. In the bottom row, we show the histograms
of these images. Notice the effect of adding noise on the
histogram of the image which resulted in creating heavy
tails and increasing the overlapping between the histogram
modes. The value of the MML obtained for the MoG and
the MoGG models is shown in the top row of fig. (3) for the
original image of fig. (2) (left graph) and the noisy version
of it (right graph). Notice that the MML has favored 5 re-
gions for the MoG model and only 4 regions for the MoGG
model. The over-fitting of the MoG is due to the accumu-
lated noise in the tails of the histogram which resulted in
a new component for the MoG (see the bottom row of fig.
(3)).

(a) (b)

(c)

Figure 2. Effect of adding noise on the image
histogram: (a) and (b) represent respectively
a synthetic image and noisy version of it, (c)
represents the histograms of the original im-
age (continuous blue line) and the noisy ver-
sion of it (dashed red line).
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(a) (b)

(c) (d)

Figure 3. Example of histogram fitting by us-
ing MoG and MoGG models: (a) and (b) show
respectively the value of the MML on the orig-
inal and noisy version of it, (c) and (d) show
the histogram fitting by using respectively a
5-component MoG and 4-component MoGG
models.

In fig. (4), we show an example of real world image seg-
mentation where we added a Gaussian noise, with σn = 3,
to part of the image (hand image) and to the whole im-
age (face image). We remark that the regions of interest
(the hand in the first image and the head in the second im-
age) have been severely over-segmented by using the MoG
model which over-fitted the real number of regions. By us-
ing the MoGG model, the estimated number of components
is the same as the real one and the image was less over-
segmented.

In fig. (5), we show and example of motion field seg-
mentation. The 2-D measurement of the motion field is de-
scribed by a vector of two components V (u, v). In motion
segmentation, several objects may move differently in an
image sequence and the aim is to localize each object by
differentiating its motion from the rest of the objects and the
background. The motion field 1 between the original pair of
images is shown in fig. (5.c). Its segmentation by using a
MoG model resulted in 3 regions (background, the tiger and
the toy objects) as shown in fig. (5.g). The motion field
obtained when we added partially a Gaussian noise with
σn = 3 to the image is shown in fig. (5.f). The noisy image
segmentation by using a MoG and MoGG models is shown
respectively in fig. (5.h) and (5.i). After calculating the

1We used the algorithm of Horn and Schunk [12] to calculate the mo-
tion field.

MML, the MoG and MoGG ended up with 4 and 3 classes
respectively. The over-fitting of of the MoG is clearly ap-
parent in fig. (5.h) where the region of the tiger has been
more over-segmented than by using the MoGG model.

4.2 Foreground segmentation in video se-
quences

In the past, adaptive Gaussian mixture models have been
used for modeling dynamically the foreground and back-
ground pixel distribution [8, 20]. This approach assumes a
video sequence taken by a static camera and the problem is
to segment the foreground (moving objects) by constructing
a mixture model for the background, observed over a period
of time, and to decide whether a pixel in an input frame be-
longs to the foreground or the background. The approach
showed promising results in [8, 20]. However, major is-
sues remain a real challenge like handling sudden illumina-
tions changes, slow moving objects, shadows and other phe-
nomenons that produce non-stationary backgrounds which
may cause erroneous classification of pixels to the fore-
ground.

The focus of this section is to compare the performance
of the MoGG model versus the MoG’s for foreground seg-
mentation. Although we don’t expect to resolve all the
aforementioned issues, we aim to improve the accuracy
and robustness of background modeling, and thereby reduce
pixel misclassification. In [8], the authors proposed a flexi-
ble mixture model where the value of each pixel throughout
a video sequence is modeled by learning online a MoG. In
each mixture, the components that occur frequently in the
sequence (with high a priori probability and small variance)
model the background. Formally, having a mixture with
M components ordered by the value of this term pj/||~σj ||,
j = 1, ..., M , the first B components are chosen as a model
for the background where:

B = argminb(
b∑

j=1

pj > T ) (18)

with T is a threshold and || · || designates the norm of a
vector. In what follows, we propose to build an online es-
timation for the parameters of MoGG model. Afterwards,
we propose to measure the performance with the online ver-
sion of MoG in [8]. Following the work of [6, 21, 23], we
propose the following iterative formulas for the online esti-
mation of the MoGG parameters for reach pixel (x, y):

p
(n+1)
j = p

(n)
j + βn · tj( ~X(n+1))

(
~X(n+1) − p

(n)
j

)
(19)

θ
(n+1)
j = θ

(n)
j + βn · tj( ~X(n+1))

∂log(p( ~X(n+1)/θj))

∂θj
(20)

where tj( ~X(n+1)) = p(j/ ~X(n+1)) and βn represents any
sequence of positive numbers which decreases to zero. The
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derivatives in the equation (20) with respect to the different
parameters of the mixture distributions, ~µj , ~σj and ~λj are
given in [1]. The algorithm for foreground segmentation
works as following. Having an input frame of the sequence,
for each pixel check if its new value match one of the com-
ponents of the MoGG mixture. A match to a component
occurs when the value of the pixel ~X falls within 2 standard
deviation of the mean of the component. If no mach oc-
curs, create a new component for the mixture with the mean
equal to the new value of the pixel. Calculate the MML for
the new mixture model: if (MML(M) > MML(M+1)) then
M ← M+1, else: update the old mixture parameters with
eqs. (19) and (20). If ∃pj < 0, discard the component j of
the mixture and put M ← M-1.

The rationale behind introducing the MML for the
MoGG model selection is to build a background model that
is more robust to outliers caused by phenomenons like sud-
den illumination change in indoor scenes or non-stationary
backgrounds produced by swaying tree branches or shad-
ows in outdoor scenes. Having the GGDs which have the
ability to adapting the shape of data more easily than the
Gaussian can reduce over-fitting the mixture model, and
thereby mitigate the impact of the above-mentioned phe-
nomenons. The complete tracking algorithm is summed up
in the following script:

Algorithm2
a) Mixture initialization for each pixel x=(x,y):
1) Initialize: M = 1, pj = 1/M , σjk = 0.2, ~µj = ~X(0)(x)

and λjk = 2, ∀j = 1, ..., M , ∀k = 1, ..., d.
b) For a new frame (n + 1) of the sequence, for each pixel x,
having a new value of the pixel ~X(n+1):

- Verify if there is a match for pixel value ~X(n+1).
- Update its MoGG parameters by using eq. (19) and (20).
- Extract the foreground object according to eq. (18).

In the following experiment, we show a comparison of
the MoGG and the MoG models in an example of fore-
ground segmentation. In fig. (6), the foreground is seg-
mented for an indoor scene of a video sequence where the
moving objects have shadows. The results were obtained by
setting the parameter T to 0.3. In the first row of the figure
we show the first frame of the video sequence containing
966 frames. In the second row, we show the 2D histogram
of the Red and Green color of 3 typical pixels over a video
sequence. The 3 pixels are characterized respectively by
the following occurred events: 1) No event (background),
2) shadow, and 3) moving object (foreground). In the third
and fourth rows, we show the result of foreground segmen-
tation for the frames 120 and 210 of the sequence. We re-
mark that the MoGG model showed more resilience than
the MoG’s for segmenting the shadow of the moving ob-
jects to the foreground. However, we noticed on other test

sequences that, when the shadow is very pronounced, such
as to create a separate mode in the histogram with high a
priori probability, even the MoGG model failed to segment
the shadow pixels to the background.

5 Conclusion

In this paper, we proposed a new mixture model based
on the formalism of the general Gaussian distributions. We
derived the maximum Likelihood Estimation and the MML
criterion for the new model. Our experiments showed that
the new model outperforms the MoG model in avoiding
mixture over-fitting of noisy data. Tests performed on im-
age, motion and foreground segmentation permitted to show
the performance of the model. In future work, other appli-
cations of the proposed model will be investigated for prob-
lems based on mixture modeling.
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(a) (b)

(c) (d)
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Figure 4. Example of real world image seg-
mentation: In the first and second rows, (a)
and (b) show respectively the original image
and noisy version of it. In the third row, (c)
shows the value of the MML calculated for dif-
ferent number of regions in the noisy image
of the first row by using the MoG and MoGG
models, (d) shows the same MML calculation
for the noisy image of the second row. The
two last rows show the segmentation of the
noisy images by using: (e) the MoG model,
(f) the MoGG model.
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Figure 5. Motion segmentation by using mix-
ture of pdfs. Fig. (5.a) and (5.d) represent the
image a time t. Fig. (5.b) and (5.e) represent
resp. the image at time t+1 and a noised ver-
sion of it. Fig. (5.c) and (5.f) represent resp.
the motion fields calculated for the original
and noised images. Fig. (5.g) represents the
segmentation of the motion field in fig. (5.c)
by using a MoG. Fig. (5.h) and (i) represent
the motion segmentation in fig. (5.f) by using
resp. the MoG and MoGG models.

frame 0

background shadow foreground

frame 120 by using a MoG by using a MoGG

frame 201 by using a MoG by using a MoGG

Figure 6. Example of foreground segmenta-
tion in a video sequence containing shad-
ows. The first line shows the different pro-
files of pixel histograms in the sequence.
The second and third rows show the result
of foreground segmentation for two frames
containing shadows by using the MoG and
MoGG models.
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